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Abstract
We derive a noncommutative U(1) and U(n) supersymmetric gauge theory on the fuzzy
sphere from a three dimensional matrix model by expanding the model around a classical
solution of the fuzzy sphere. Chern-Simons term is added in the matrix model to make
the fuzzy sphere as a classical solution of the model. Majorana mass term is also added
to make it supersymmetric. We consider two large N limits, one corresponding to a gauge
theory on a commutative sphere and the other to that on a noncommutative plane. We
also investigate stability of the fuzzy sphere by calculating one-loop eective action around
classical solutions.
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1 Introduction
To formulate nonperturbative aspects of string theory or M theory, several kinds of
matrix models have been proposed[1, 2]. These proposals are based on the developments
of D-brane physics[3, 4]. IIB matrix model is one of these proposals[1]. It is a large N
reduced model[5] of ten-dimensional supersymmetric Yang-Mills theory and the action has
a matrix regularized form of the Green-Schwarz action of IIB superstring. It is postulated
that it gives a constructive denition of type IIB superstring theory.
In the matrix model, matter and even spacetime are dynamically emerged out of
matrices[6, 7]. Spacetime coordinates are represented by matrices and therefore noncommu-
tative geometry appears naturally. The idea of the noncommutative geometry is to modify
the microscopic structure of the spacetime. This modication is implemented by replacing
elds on the spacetime by matrices. It was shown[8, 9, 10, 11] that noncommutative Yang-
Mills theories in a flat background are obtained by expanding the matrix model around a
flat noncommutative background. The noncommutative background is a D-brane-like back-
ground which is a solution of the equation of motion and preserves a part of supersymmetry.
Various properties of noncommutative Yang-Mills have been studied from the matrix model
point of view [12]. In string theory, it is discussed that the world volume theory on D-branes
with NS-NS two-form background is described by noncommutative Yang-Mills theory[13].
A dierent kind of noncommutative backgrounds, a noncommutative sphere, or a fuzzy
sphere is also studied in many contexts. In [14], it is discussed in the framework of matrix
regularization of a membrane. In the light-cone gauge, they gave a map between functions
on spherical membrane and hermitian matrices. In BFSS matrix model[2], membranes of
spherical topology are considered in [22, 23, 24]. A noncommutative gauge theory on a
fuzzy sphere in string theory context is discussed in [25, 26]. The approach to construct a
gauge theory on the fuzzy sphere were pursued in [15, 16, 17, 18, 19, 20, 21].
The fuzzy sphere[15] can be constructed by introducing a cut o parameter N for
angular momentum of the spherical harmonics. The number of independent functions is∑N
l=0(2l + 1) = (N + 1)
2. Therefore, we can replace the functions by (N + 1)  (N + 1)
hermitian matrices on the fuzzy sphere. Thus, the algebra on the fuzzy sphere becomes
noncommutative.
In this paper, to construct a noncommutative gauge theory on the fuzzy sphere, we
consider a three dimensional supersymmetric reduced model. We add Chern-Simons term
and Majorana spinor mass term to the action of original supersymmetric matrix model.
An action with both of Yang-Mills and Chern-Simons terms are also considered in [26].
Although an ordinary matrix model has only a flat background as a classical solution, our
matrix model can describe a curved background owing to these terms.
This paper is organized as follows. In section 2, we study a matrix model which gives
a noncommutative gauge theory on a fuzzy sphere. We derive a noncommutative gauge
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theory by expanding the model around a classical solution which represents a fuzzy sphere.
It is shown that in a commutative limit, it gives a standard theory on a commutative
sphere. In the latter part of this section, another large N limit corresponding to a sphere
with a large radius but the noncommutativity xed is considered. By taking the limit, we
can obtain a noncommutative gauge theory in a flat noncommutative background, which is
considered in [8]. In section 3, some properties of Dirac operator and chirality operator in
this model are considered. These operators become the correct operators on a commutative
sphere in a commutative limit. In section 4, dynamics of our model is examined. One-loop
eective action is calculated for two classical solutions, diagonal matrices and the fuzzy
sphere. For diagonal matrices, all supersymmetry is preserved. Hence, one-loop eective
action vanishes and eigenvalues can move freely. On the other hand, all supersymmetry
is broken for the fuzzy sphere. Therefore one-loop eective action does not vanish. It is
shown that the value of the action including the one-loop corrections of the fuzzy sphere
is lower than that of the commuting matrices when N is suciently large for xed gY M .
Section 5 is devoted to conclusions and discussions. In appendix A, a noncommutative
product on a fuzzy sphere is consturcted by following [14]. In appendix B, by projecting
a fuzzy sphere to a fuzzy complex plane stereographically using a coherent state approach
developed by [28, 29, 30], a noncommutative product which corresponds to the normal
ordered product is considered. We also give mapping rules from matrix models to eld
theories on the projected plane. This construction leads to eld thoeries with the Berezin
type noncommutative product instead of the Moyal type.
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 i[Ai;  ] +    ): (1)
Reduced models are obtained by reducing the spacetime volume to a single point[5]. We
have added Chern-Simons term and Majorana mass term to the reduced model of super-
symmetric Yang-Mills[1]. Ai and  are (N + 1)  (N + 1) hermitian matrices, and  is
a three-dimensional Majorana spinor eld. i(i = 1; 2; 3) denote Pauli matrices.  is a
dimensionful parameter which depends on N .
This model possesses SO(3) symmetry and the following translation symmetry
Ai ! Ai + c1: (2)
Gauge symmetry of this model is expressed by the unitary transformations,
Ai ! UAiU y;  ! U U y: (3)
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In addition to the above symmetries, this model has N = 1 supersymmetry:






Because of the fermionic mass term, translation symmetry of  is not present.
We next consider the equation of motion of (1). When  = 0, it is
[Ai; [Ai; Aj ]] = −ijkl[Ak; Al]: (5)





i ;    ; x(1)i ): (6)
Another solution represents an algebra of the fuzzy sphere:
[x^i; x^j] = iijkx^k: (7)
We impose the following condition for x^i,
x^1x^1 + x^2x^2 + x^3x^3 = 
2: (8)
In the ! 0 limit, x^i becomes commutative coordinates xi:
x1 =  sin  cos 
x2 =  sin  sin 
x3 =  cos : (9)
where  denotes the radius of the sphere. Although the commuting matrices preserve the
supersymmetry, the solution representing the fuzzy sphere breaks it. The noncommuta-
tive coordinates of (7) can be constructed by the generators of the (N + 1)-dimensional
irreducible representation of SU(2)
x^i = L^i; (10)
where
[L^i; L^j] = iijkL^k: (11)





where we have used the fact that the quadratic Casimir of SU(2) in the (N+1)-dimensional
irreducible representation is given by N(N + 2)=4. The Plank constant, which represents








Commutative limit is realized by
 = xed; N !1 (! 0): (14)
From now on, we set =xed.
Now we show that, expanding the model around the classical backgrounds (7) by the
similar procedure as in [8, 9] it leads to a noncommutative Yang-Mills on the fuzzy sphere.
We rst consider U(1) noncommutative gauge theory on the fuzzy sphere. We expand the
bosonic matrices around the classical solution (7):




A correspondence between matrices and functions on a sphere is given as follow. Ordinary


















a1   xal (17)
is a spherical harmonics and fa1,a2,al is a traceless and symmetric tensor. The traceless
condition comes from xixi = 












sin dY l′m′Ylm = l′lm′m: (18)



















a1    x^al ; (20)
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where the same coecients as (17) are used. Angular momentum l is bounded at l = N
and these Y^lm’s form a complete basis of (N + 1)  (N + 1) hermitian matrices. From
the symmetry of the indices, the ordering of x^ corresponds to the Weyl type ordering.
A hermiticity condition requires that alm = al−m. Normalization of the noncommutative
spherical harmonics is given by
1
N + 1
Tr(Y^ yl′m′ Y^lm) = l′lm′m: (21)












and correspondingly a product of matrices is mapped to the star product on the fuzzy
sphere:
a^b^! a ? b: (23)
Detailed structures of the star product are summarized in Appendix A.








This property and SO(3) symmetry gives the following correspondence:
Ad(L^i)! Li  1
i
ijkxj@k: (25)






















Let us expand the action (1) around the classical solution (7) and apply these mapping















































N(N + 1)(N + 2); (28)


















Ljai + [ai; aj ]? − 1

iijkak: (29)
This quantity is gauge covariant and becomes zero when the fluctuation is set to zero. The
Yang-Mills coupling is found to be g2Y M = 4g
2=(N +1)42. ( )? means that the products
should be taken as the star product. Hence commutators do not vanish even in the case of




Li = −iKai (x)@a (30)
where i = 1; 2; 3; a = 1; 2 and Kai are two Killing vectors and ba is a gauge eld on the
sphere. Two elds ba are dened on the local coordinates. Three elds ai are dened in
three dimensional space R3 and contain a gauge eld on S2 and a scalar eld as well. In
the commutative case, we can separate the gauge eld ba from ai using the Killing vectors
as in (30). In the commutative limit, we obtain the well-known result:




j (@abb − @bba): (31)
The second line in (28) drops in the commutative limit.



















 iLi +  











(  D +  i[ai;  ] +
1

  )?; (32)
where D = 1
ρ
(iLi + 1) is a Dirac operator on a sphere (Details are discussed in the next
section).
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We have so far discussed the U(1) noncommutative gauge theory on the fuzzy sphere.
A generalization to U(m) gauge group is realized by the following replacement:
x^i ! x^i ⊗ 1m: (33)




a^a ⊗ T a; (34)
where T a(a = 1;    ; m2) denote the generators of U(m). Then we obtain U(m) noncom-







































 iLi +  











(  D +  i[ai;  ] +
1

  )?; (35)
where tr is taken over mm matrices. In the commutative limit, we obtain




j (@abb − @bba + i[ba; bb]): (36)
We next focus on the gauge symmetry of this action. The action (1) is invariant under
the unitary transformation (3). For an innitesimal transformation U = exp(i^)  1 + i^
in (3) where ^ =
∑
lm lmY^lm, the fluctuation around the xed background transforms as
a^i ! a^i − i

[L^i; ^] + i[^; a^i] (37)
After mapping to functions, we have local gauge symmetry
ai ! ai − i

Li + i[; ai]?: (38)
In the commutative limit, this transformation becomes
ba ! ba − @a (39)
for U(1) gauge group and
ba ! ba − @a+ i[; ba] (40)
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for U(m) gauge group. We have used the relation (30).







(x^ia^i + a^ix^i + a^ia^i): (41)
It transforms covariantly as an adjoint representation
^! ^+ i[^; ^]: (42)
Since the scalar eld should become the radial component of a^i in the commutative limit,
a naive choice is ^0 = (x^ia^i + a^ix^i)=2. For small fluctuations this eld is the correct
component of the eld a^i but large fluctuations of a^i deform the shape of the sphere and ^0
can be no longer interpreted as the radial component of a^i. This is a manifestation of the
fact that matrix models or noncommutative gauge theories naturally unify spacetime and
matter on the same footing. An addition of the non-linear term a^ia^i makes ^ transform
correctly as the scalar eld in the adjoint representation.
In the latter part of this section, we investigate the relation to a noncommutative gauge
theory in a flat background by taking !1 limit while xing . By virtue of the SO(3)
symmetry, we may consider the theory around the north pole without loss of generality.





the commutation relation (11) becomes
[L^01; L^
0
2]  i: (43)











2] = −i−2; [x^0i; p^0j] = iij : (44)
We take the following limit to decompactify the sphere,
 = xed; 0  1 (N  1); (45)














a ? b which is dened in (23) becomes the Moyal product a ?M b because of (43) and the






















@0i (i = 1; 2) (48)
We can regard a^3 as the scalar eld ^ around the north pole. For simplicity, only U(1) case
is treated in the present discussions. The bosonic part of the action (1) becomes
SB = − 
4
2g2
















Tr([−p^02 − a^02; p^01 + a^01]^0)g; (49)








^0. This action can be













d2x0F12(x) ? 0(x)g; (50)





i; ] and F12 = 1i@01a02 − 1i@02a01 + [a01; a02]?. It is found that the
Yang-Mills coupling is g2Y M = 4g















 ~i[p^0i + a^
0
i;  ^] +
^




  ^) (51)









+  (x)~i[a0i(x);  (x)]? +  (x)
3[0(x);  (x)]? +
2
0
 (x) (x)); (52)
The gauge transformation (37) becomes
a0i ! a0i − @0i+ i[; a0i]?: (53)
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We have seen that in the large radius and =xed limit (45), the noncommutative
Yang-Mills theory in the flat backgrounds can be obtained. The last term in (50) and the
last term in (52) become small in the 0 ! 1. To discuss the meaning of these terms, we
















































We found that the gauge eld has acquired the mass by absorbing the degree of freedom of
the scalar eld. From (52), the mass of the gaugino eld is 2=0 which is degenerate with
the mass of the gauge eld. In the 0 ! 1 limit, the gauge eld and the gaugino eld
become massless.
3 Dirac operator
In this section, we investigate some properties of Dirac operator. Dirac operator in our




(i(Ad(L^i) + 1): (56)





(iLi + 1); (57)
which is the standard massless Dirac operator on the sphere[27]. The second term of this
operator comes from the contribution of the spin connection on the sphere. Around the








and in the !1 limit, it approaches the massless Dirac operator in the flat background.










It is the standard chirality operator on the sphere[27]. This chirality operator obeys γ^23 =
1−2γ^3=
√
N(N + 2) and does not satisfy the usual condition for the chirality operator before
taking the commutative limit. A chirality operator which satises the condition γ^23 = 1 and








where M = (N + 1)=2 is a normalization factor. Anticommutation relation between the
Dirac operator and the chirality operator is




which vanishes in the commutative limit as can be seen from (25). Another type of a Dirac
operator which anticommutes with (61) is constructed in [17].
We next investigate the spectrum of the Dirac operator. We consider an eigenstate Ψ of
J2 and J3, satisfying J
2Ψjm = j(j+1)Ψjm and J3Ψjm = (m+1=2)Ψjm, where Ji = Li+i=2
and 1=2  j  N=2 + 1=2 and −l  m  l. Acting on Ψ^jm, square of the Dirac operator
becomes
2D^2Ψ^jm = i[L^i; Ψ^jm] + [L^i; [L^i; Ψ^jm]] + Ψ^jm








We have used the relation J2 = L2 + L   + 3=4. This spectrum is identical with the
spectrum in the commutative limit.
4 Dynamics
We have argued the noncommutative gauge theories on the fuzzy sphere. This section is
devoted to a discussion of stability of the classical solutions. Let us rst evaluate classical
values of the action for the solutions of (6) and (7).
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The action vanishes
S = 0; (64)
for commuting matrices (6), and becomes
S = − 1
24g2







for the fuzzy sphere 5 (7). The solution of the fuzzy sphere has lower energy than the
solution of commuting matrices, and therefore the fuzzy sphere is more stable than the
commuting matrices at the classical level.
We next investigate one-loop eective action[1, 6] around the classical solutions. We
decompose the matrices Ai and  into the classical backgrounds and fluctuations:
Ai = Xi + ~Ai;
 =  + ~ : (66)
We add the following gauge-xing term[1],





[Xi; Ai] + [Xi; b][Ai; c]); (67)
where b and c are ghost and anti-ghost, respectively. We expand the action up to the
second order of the fluctuations and set  = 0:










~ Γi[Xi; ~ ]− ~ ~ + [Xi; b][Xi; c]): (68)
Then the one-loop eective action is calculated as
W = − log
∫
d ~Ad ~ dbdce−S: (69)
We rst consider the one-loop eective action for the commuting matrices. The contribu-





(log(x(i) − x(j))2 + log(1− 4
2
(x(i) − x(j))2 ));
5The classical value of the action depends on the quadratic Casimir. That is, it depends on the repre-
sentation. We can construct an alternative representation in (10). The value of the action is larger than







(log(x(i) − x(j))2 + log(1− 4
2
(x(i) − x(j))2 )): (70)
Contributions from ghosts are included in WB. We nd that the one-loop eective action
for commuting matrices vanishes due to the cancellation between bosonic and fermionic
contributions as expected from supersymmetry. Therefore there are no net forces between
the eigenvalues if we neglect the eect of the fermionic zero modes[6]. For the fuzzy sphere,













In this case, the one-loop eective action does not vanish because this background preserves







Let us evaluate this quantity. This expression can be rewritten using a replacement







(2l + 1) log(1 +








(2l + 1) log
(l + 2)(l − 1)
l(l + 1)
: (73)
In the large N limit, we have
W  2 logN: (74)
The value of the eective action including both the classical and the one-loop quantum
corrections becomes








N(N + 2) + 2 logN: (75)
For large enough N and gY M=xed, the fuzzy sphere is more stable than the commuting
matrices. On the other hand, there is a region of Seff > 0 if we take gY M suciently large
so that the second term dominates the rst one. In the region, the commuting matrices is
more stable than the fuzzy sphere.
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5 Summary
In this paper, we have studied the noncommutative gauge theory on the fuzzy sphere.
We considered a three-dimensional matrix model with a Chern-Simons term and a Ma-
jorana mass term. This model has a classical solution which represents a fuzzy sphere.
By expanding the model around this solution, we have obtained a noncommutative gauge
theory on the fuzzy sphere. The gauge eld acquires a mass due to the Chern-Simons term.
The mass is degenerate with the gaugino mass.
We have discussed two large N limits. One corresponds to a commutative limit. By
taking this limit, we obtained a gauge theory on a commutative sphere. Anothor limit
corresponds to a decompactifying limit. A noncommutative gauge theory on the fuzzy
sphere became a noncommutative gauge theory on a noncommutative plane.
We have also investigated the stability of the fuzzy sphere agaist quantum fluctuations.
By calculating the one-loop eective action, we showed that the fuzzy sphere is stable for
xed gY M in the large N limit. However, if we take gY M suceintly large with the large N
limit, the fuzzy sphere becomes unstable and decays into a set of diagonal eigenvalues.
Let us comment on the operator orderings. Matrices on the fuzzy sphere are expanded
by a noncommutative spherical harmonics as discussed in section 2. The ordering of the
noncommutative coordinates in the noncommutative spherical harmonics corresponds to
the Weyl type ordering. Therefore a product of the noncommutative spherical harmonics
becomes Moyal product in the decompactifying limit. On the other hand, a stereographic
projection from a fuzzy sphere to a noncommutative complex plane as discussed in the
appendix B enables us to construct a normal ordered type basis. After mapping from
matrices to functions, a product of functions are written by the so called Berezin product.
Since such noncommutative products are known for general Ka¨hler manifolds, it would be
an interesting problem to obtain noncommutative gauge theories on more general curved
backgrounds from matrix models.
A star product on fuzzy sphere
In this section we summarize the noncommutative products on fuzzy sphere. We mainly














Normalization is xed as in (18) and (21). Combining (A.1) and (A.2), we can obtain a







Let us consider the product of the two spherical harmonics, Y^lm and Y^l′m′ . We have required
that maximum value of l is N . This product is expanded by the spherical harmonics and
it contains Y^l+l′. We assume that N is large such that l + l
0 does not exceed N . We dene
the noncommutative product on the fuzzy sphere as



































(2l + 1)(N + 1) (A.5)
where s; s0 = −N=2;−N=2 + 1;    ; 0;    ; N=2.

















(2l1 + 1)(2l2 + 1)(2l3 + 1)(N + 1): (A.6)
where (  ) and f  g are Wigner’s 3j-symbol and 6j-symbol respectively. f  g behaves as
N−3/2 for N !1[14]. (  ) becomes zero only when m1 +m2 +m3 = 0. By substituting
this quantity into (A.4), we get the explicit expression of the noncommutative product on
the fuzzy sphere.







































This quantity behaves as N−1 when N !1.
B Wick type star product
Here we explain the star product on the fuzzy sphere which corresponds to a normal
ordered operator product[28, 29, 30] 6 and derive mapping rules from matrix models to eld
theories with the normal ordered products a la Berezin [28].
We rst rescale x^i as y^i = x^i= where x^i’s are dened by (7). Then
[y^i; y^j] = iijky^k; (B.1)
where  = = . Thus y^2i = 1 and 









where y^ = y^1  iy^2=
p
2 , ^ = 2(1 − y^3)−1 . Note that the complex coordinate projected
from the sphere of radius  is w^ = z^ . By the above denition, we obtain the commutation
relation
[z^; z^y] = ^
(








and by using y^2i = 1 we can solve ^ in terms of z^ and z^
y:
^ = 2 + ^−1 −
√
4^−1 + 2^−2; (B.4)
where jz^j2 = z^z^y and ^ = 1 + jz^j2 . For suciently large N , ^  1 + jz^j2 and the
commutation relation is simplied as
[z^; z^y]  1
N
(1 + jz^j2)2: (B.5)
6See [31, 32] about Weyl ordered star product on Ka¨hler manifold.
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As discussed in [29, 30, 33], the operator z^ can be written in terms of an annihilation
operator of a usual harmonic oscillator as
z^ = f(n^+ 1)a^; (B.6)
where




N − n^ + 1√
N=2(N=2 + 1) +N=2− n^
 1p
N + 1− n^ : (B.8)
Eq.(B.8) is derived from a correspondence[30]
jN=2;mi  ! jni; (B.9)
where jN=2;mi and jni are eigenstates of L^3 and n^ respectively. Thus the eigenvalue of L^3
is given by m = n−N=2 where 0  n  N . To construct a normal ordered star product,
we dene the following coherent state jzi. Requiring z^jzi = zjzi , we obtain






where M(jzj2) is a normalization factor, γ(n) = pnf(n) and
[γ(n)]! =
{
γ(n)γ(n− 1)   γ(1) (n 6= 0)
1 (n = 0)
:
Eq.(B.10) satises the condition of the coherent state only for a suciently large N and
when we can neglect the state of jN + 1i. The normalization factor is determined from









[N + 1− n]! jzj
2n
n!
= (1 + jzj2)N : (B.11)




jnihnj = (N + 1)
∫
d(z; z)jzihzj (B.12)
determines the measure d as
d(z; z)  idz ^ dz
2(1 + jzj2)2 : (B.13)
(See [30] for details.)
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Normal ordered operators can be expanded in terms of jnihmj














where j0ih0j = ∑k ck(z^y)kz^k and ck is determined byM(x)−1 = ∑k ckxk . The corresponding
orthonormalized basis of functions are dened by








are mapped to corresponding functions as
a^! a(z; z) = hzja^jzi = ∑
nm
~anmZnm: (B.17)










where hjzi = M(jj2)− 12M(jzj2)− 12M(z) . Using this denition, a product of matrices is
mappled to the star product as







= (N + 1)
∫








2(1 + jj2)2a(; z)
[ (1 + z)(1 + z)
(1 + jj2)(1 + jzj2)
] 1
λ b(z; ); (B.20)
where  = 1=N . This star product is nothing but the Berezin product on the sphere[28].
From the detion of Z^nm, the corresponding function satises the following simple relations
Znm ? Zrs = mrZns; (B.21)
and ∫
d(z; z) Znm ? Zn′m′ = nn′mm′ : (B.22)
19
Next we write down fonctions corresponding to the operators y^ ’s. y^; y^3 are rewritten
by z^; z^y and n^ 7 as
y^3 = (n^−N=2);p
2y^+ = (1− y^3)z^y;p
2y^− = z^(1− y^3): (B.23)


















N − n: (B.25)








γ(n+ 1)Zn+1 n: (B.26)
Now we will derive dierential operators corresponding to the adjoint operators Ad(y^i)
which are necesarry to rewrite the matrix model action in terms of eld theory on the

















Note that the derivatives above act not only on M but on functions on the right of M . We
can easily obtain the following relations
zkzZnm = m








zZnm = γ(m+ 1)Zn m+1 ; zZnm = γ(n + 1)Zn+1 m;
7n^ can be written in terms of z^, z^† . However it is not necessary here.
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where n0 = n=N ; m0 = m=N . By using these relations, we have
[y^3; Z^nm]! (n−m)Znm = N(zkz¯ − zkz)Znm  (z@z¯ − z@z)Znm
and hence the adjoint operator in matrix models Ad(y^3) bocomes the following dierential
operator after mapping matrix models to eld theories:
Ad(y^3) = [y^3; ]! (z@z¯ − z@z): (B.28)
We can also obtain similar rules for adjoint operators:
Ad(
p
2y^+) ! −(@z + z2@z¯); (B.29)
Ad(
p
2y^−) ! (@z¯ + z2@z); (B.30)
Ad(y^i)
2 ! −2(1 + jzj2)2@z@z¯: (B.31)
Using mapping rules (B.17),(B.18),(B.20) and (B.29)  (B.31), the matrix model actions
can be written in terms of eld theories on the projected plane.
In the commutative limit, the action is simplied by writing the vector elds in terms











z2 ; K z¯− =
ip
2
Kz3 = −iz ; K z¯3 = iz
which can be seen from (B.29)(B.31). Thus the eld strength of U(1) gauge eld in the
commutative limit can be written in terms of z; z as




−(@abb − @bba) = −
i
22
(1− jzj2)(1 + jzj2)Fzz¯;












3(@abb − @bba) =
ip
22
z(1 + jzj2)Fzz¯; (B.32)
where
Fzz¯ = @zbz¯ − @z¯bz: (B.33)
Also we get
TrF^ 2 ! 2(N + 1)
∫





= 2(N + 1)
∫


















This is the well-known result.
Finally we consider the flat limit (45). Here, it should not be discussed around the north
pole but the south pole because of the denition (B.2). So y^3 can be approximated as
y^3  −N=2  −1; (B.36)









z = i0z: (B.37)
Thus we can rewrite the star product (B.20) in the flat case:















ρ′!1−! e− Nρ′2 jw′j2; (B.38)






−idw0 ^ d w0
202
ρ′!1−! −idw
0 ^ d w0
202
; (B.39)










where  = −02=(N+1)  −2=2 and a0(w0; w0) = a(w; w) . Thus the star product becomes
the Berezin product on the flat plane.
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